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Summary

In this paper chain ratio estimator in two stage sampling is
compared with the usual ratio estimator in two stage sampling with
respect to bias and mean square error. Also a modified chain ratio
estimator is proposed. An example is provided to demonstrate that the
gain in efficiency of the modified chain ratio estimator over the usual
ratio estimator, may turn out substantial.

I. Introduction and the Chain Ratio Estimator

Let there be a finite population consisting of JV first stage
units. The ithfirst stage unit contains Mi second stage units. Let ytj
be the value of the variable under investigation for theyth second
stage unit of the./th first stage unit 0"=I, 2, M,; /=•!, 2, .... N)

Mi

/=i

N

-and

where

Vtj,

N

i=l

vTo estimate population mean Y, a simple random sample
{WO^ ofnfirst stage units is selected from Nfirst stage units. From
the /th selected first stage unit a simple random sample (fVOJi) of
m, second'stage units is again selected.
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Let Xij be the value of the auxiliary variable corresponding to
Vij and quantities ^i, Xi and x are defined similarly.

' Letri=P</^i and Then/Murthy's [2] chain-ratio
estimator for the population mean 7 is

Y CR= ^

2. The Results
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1=1

tS"'*''in n <•

From Coy
/=1

n

Ui^in

i=l

- «

ui^in

-E
1=1

• n

m^i
/=1



72 journal of the Indian society of agricultural statistics

it follows that

n

E{Ycr) =E ui^in

1=1

-Cov

i 2

) = i

•••(I)

Now,

n ^ N

tliipir7 Oi.Oii} .,.(2)
J = 1 J = 1

where, pva is the correlation coeificient between n and Xi ; and
ou are standard deviations of n and Xi respectively.

Further,
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=Cov
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= Cov is
IE

1=1

—Cov

II

i=l

where c^irz^Covin, m)

— Pbri ^br^bX ~ P6/I ^bt'^bx

where Pbrx is the correlation coefficient between

is
j=l

i=l

and PftfJis the coirelation coefficient between
It

il Ui^J'rX

/ = 1

—5] Ui^i
n ^

1=1

/=!

Also tjfcr, and ci,, are standard deviations of the quantities
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and

II

-2
1=1

—Y uiXi
n

1=1

-respectively.

^ From (I), (2) and (3) we have the exact expression for the bias
of Yc« as,

[

1Bias in rci?|=|£(rci!)—rr

N

^21 +iPbrX<^br<!bi -PblxObt'̂ l^)
i='l •

Its behaviour vis-a-vis sample-size ishard to guess.

An upper bound for the magnitude of the bias isgiven by,

Bias in 7cs

N

2 + ''bx
1=1

<^br — <^bt

Assuming nand /m,'s are large, to the first order of approxima
tion.

»=i

+ y(^- V I-fi y
1=1

^lx.v N i^bx N ( Y V'i
\Jf ^i7i ) \^ (iV-1)J
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where f=nlN, fi=milMi,

Mi

/=!

Mi

Si
Mi

j=l

N

(Ui7i-Y)

i=l

N

and

/=1

So, the approximate bias is zero if

Pi = Ri (z= 1,2,...,A^) and ?>b=R

where — R—^l^, ?'i~SixylSf^

and h = SbJSl.

With increasing sample-size 1E(Tcji)—T ] , of course, diminishes,
as expected.

Again, to the first order of approximation, we have, for large
«, mi'sf,

MSEifcs) =^ (56, -2i?Stoj,+ SL)
N

^ S ^ -2RiSi,y +r1 si),nN
/ = !

where sty = ^^ {yij—Yif
7=1

N

and .
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n

For the unbiasedestimator ^ "iy*, the variance is
: = 1

N

;=1

Thus, V(f) -MSEiJcB) =2 72 Ci( 9b-^-y)
N

4- ^ V 7^ d (0 -SiL-JL\+ nN 2j mi a 2 i'
/=l

where Pa = ^bxylSbx ^byt Pi~SixylSixSiy,

Cbx —SbJ^, Chy—SbJ^,

Ci^ = SiJ^i and Ci,=SiylYi.

C Ci
So, Pa ^ and pi i are together sufficient to

^bx
/N /N

make Yea more efficient than T.

The usual ratio estimator

It

2=1

;=1

is approximately unbiased if P6=P»=i? {i=l,2,---,N) and to the first
order of approximation, for large 11, mCs,

= ^ •^bv ~^^>^bxy-ri^- Ojj,;MSE{Yr) = ^ - IRSbxy+R'̂ Si,)

N

+ 4trE
z-1
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Then,

MSE(YR)~MSE{fcR)
N

1

nN
i=\

So, Yen is more efficient than Yr if each Pi is nearer to Rx than to R.

Using usual methods of estimating Sly, Stxy etc. [c.f Sukhatnie
and Sukhatnie [3]] one may employ the following consistent estimator
for MSB (Jen ), namely,

Est Mi'ECfcij) 2hb^y^R^sl^)

n

/-I

n

~1~ 2 Wj ——- - 2RiSixy "I"Ri ^ixy)
n irti

1=1

n

where R=y'lx',%=yilxi and =-7 ^

'̂= IS

! = 1

n

X' '
n

i=l

While studying the precision of chain ratio estimator we
assumed m,'s large to neglect bias. Often this may not be feasible.

So, we modify Yen by replacing n's therein by whichareunbiased
Hartley—Ross (1954) type estimators of given below.

Let r,y" ~ ytjlxij, 0' , i 1,2, iV)
Mi

^ /'v,0-=l,2,....,iV)
' y=i
mi

" = 0'=1>2,
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Then, from Hartley-Ross [1] it follows that

is an unbiased estimator of Ri V

Replacing n in fcR by r'i proposed modified chain ratio
estimator is

i=l

It follows that,

1Bias in | "bi

and to the first order of approximations for large /z,

t-// Si Sb.,E{Yor)=T^ 1 +
n \ x7 ;j

and MSE{Yor) ^^ (Sl, - IRSb^.+R'Sl)
N

nN U ' mi
i=l

/N ,

So, 7oij is approximately unbiased if R=h and more eflBcient
than usual ratio estimator if in rth first stage unit P< is nearer to
Ri than to i?.

3. An Example

For the purpose of illustration, we consider data from a survey
carried out in 1978-to estimate the total cultivated area in Balikuda
Block of Cuttack District where villages are taken as first stage units
and households within the villages as second stage units. A simple
random sample (WOR) of 20 villages was selected from 273 villages
n the Block; x denotes the number of bullocks per household and y
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the cultivated area per household. The total number of households
in the Block is known to be 22534. The values of m,-'5 are 13,15,14,
17, 16, 15, 14, 13, 12, 12, 15, 12, 14, 14, 15, 17, 14, 13, 12 and 13.

The estimated efficiencies of various estimators are shown in

Table—I.

TABLE I

Efficiencies of Different Estimators

Estimator

1. Unbiased estimator ;

2. Ratio estimator : (A'jvf^)
Jt

3. Modified chain ratio estimator :

Percentage Efficiency

100.00

930.00

1001.28
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